Using a result by Doss[D77] and the Gärtner-Ellis theorem, we prove, by bounding the Itô map, that under certain bounds on the diffusion coefficients, the transition densities of a one-dimensional diffusion process satisfy the large deviation principle (Theorem 2.2). We prove a similar result for a diffusion proces on the line evaluated at an independent stochastic clock, when the arithmetic average of the time-change also satisfies the LDP (Theorem (3.1), as it does for the well know Cox-Ingersoll-Ross subordinator (Theorem 3.2).
Introduction and literature review
The purpose of this paper is to present a simple method for characterizing the small-time behaviour of diffusions and time-changed diffusions on the line. For a broad class of stochastic volatility models where the diffusion coefficient satisfies certain quadratic growth conditions, Berestycki et al. [BBF04] showed that the implied volatility in the small-time limit can be characterized as a viscosity solution to an eikonal equation. Our approach (in one dimension) is simpler, and merely consists of bounding the Itô functional I : C[0, T ] → C[0, T ], which maps the Brownian control process to the response i.e. the unique strong solution of the SDE, based on the procedure outlined in Doss [D77] (see section 1). In general, the Itō map is only continuous (in the topology of uniform convergence) in the one-dimensional case (see e.g. chapter 2 of Lyons&Qian [LQ02] ), Sussman [Suss78] , Lamperti [Lam64] and page 188 in Dembo&Zeitouni [DemZei93] ).
Section 2 concentrates on small-time asymptotics for a diffusion subordinated to an independent stochastic clock, using the language of large deviations theory. In section 2.2 Theorem 2.2, we show that if the law of the arithmetic average of time-change (T (t)/t) satisfies the large deviation principle(LDP), then d(X 0 , X T (t) ) also satisfies the LDP, with a rate function I(x) defined in terms of Fenchel-Legendre transforms. d(., .) is the spatial change of variable which gives the geodesic distance between two points, under the metric given by the inverse of the diffusion coefficient. From a practitioner's perspective, the most important consequence of this is the small-time behaviour of Digital put/call options on the terminal log Stock price X T (t) reported in Eq 3.2. We prove that when we use the Cox-Ingersoll-Ross (CIR) square root process as the independent subordinator (as in Carr,Geman,Madan&Yor [CGMY03] ), then we fall within this general framework (Theorem 3.2).
In section 3.3, we discuss how the geodesic distances under the Heston metric affect the prices of digital options on the time-change in the small-time limit under the Heston model (i.e. digital variance options), and we discuss how to compute these geodesics, by exploiting the fact that a certain co-momentum is conserved along geodesic paths.
1 How rare is rare? large deviations theory 
and for any closed set C limsup n→∞ 1 n log P(X n ∈ C) ≤ −inf x∈C I(x) (1.1) see Dembo&Zeitouni [DemZei93] ,Feng&Kurtz [FenKur] and Appendix B for a discussion of the major results and ideas in large deviations theory.
(where Γ • denotes the interior of Γ) is called an I continuity set. In general the LDP only implies a precise limit (as opposed to just a liminf and limsup) only for I continuity sets.
The Gärtner-Ellis theorem
Theorem 1.1. Let {Z t } be a family of random variables on R for which the logarithmic moment generating function
exists as an extended real number for all λ ∈ R. Then if F (λ) is essentially smooth and lower semicontinuous, Z t satisfies the LDP with rate function F * (x), which is the Fenchel-Legendre(FL) transform of F , defined by the variational formula 
Small-time asymptotics for a diffusion process
We recall the following result from Doss [D77] , which is given as Proposition 2.21 on page 295 in Karatzas&Shreve [KS91] Theorem 2.1. (Doss(1977) ) Suppose that on a certain probability space (Ω, F , P) equipped with a filtration {F t } which satisfies the usual conditions, we have a standard, one-dimensional Brownian motion (W t , F t , 0 ≤ t < ∞). Suppose that σ is of class C 2 (R), with bounded first and second derivatives, and that σ and b are Lipschitz-continuous of order 1. Then the one-dimensional stochastic differential equation
has a unique, strong solution; this can be written in the form
for a suitable, continuous function u : R 2 → R, and a process Y which solves an ordinary differential equation, for every ω ∈ Ω.
Remark 2.1. By integrating Eq 2.38 on page 296 in Karatzas&Shreve [KS91] , we see that
) is the geodesic distance under the Riemmanian metric induced by the inverse of σ(x). Y t (ω) is the solution to
i.e. a solution to a different ODE for each value of ω.
Theorem 2.2. Under the conditions of Theorem 2.1, assume that
is the log of a driftless Stock price process. We further assume that
∂u(x,y) ∂y
for all x, y, for some real constants C 1 , C 2 , where d −1 (y, .) denotes the inverse of d(y, .) for a fixed value of y. Then the family of random variables {X t } satisfies the LDP with rate function
Proof. From the bounds in Eq 2.6, we can strengthen the inequality on ρ(x, y) on page 29 in
Then, using Eq 2.42 on page 297 in [KS91] , we see that
Eq 2.3 implies that u is monotonically increasing in its second argument, so Eq 2.2 becomes
We can re-write this as
which implies that
because d −1 = u is monotonic in the second argument. Now for λ > 0, we see that
from the bounds we have imposed on σ, so we obtain
We proceed similarly for λ < 0, and the result then follows from the Gärtner-Ellis theorem.
3 Small-time asymptotics for a time-changed diffusion process 3.1 Small-time asymptotics for a general time-changed diffusion process Theorem 3.1. Consider a one-dimensional diffusion process as in Theorem2.2, evaluated at an independent random time T (ω, t). Assume that T (t)/t satisfies the requirements of the Gartner-Ellis theorem with logarithmic mgf F (λ) with
which implies that {T (t)/t} satisfies the LDP with rate function equal to the FL transform of F (λ). Then d(X 0 , X T (t) ) satisfies the LDP, with rate function equal to the FL transform of F (
Remark 3.1. If F * (x) is continuous, then, by remark 1.1 and the symmetry of the transition pdfs of Brownian motion evaluated at an independent stochastic time, we see that
Proof. By Eq 2.11,
From the bounds on σ, we have
Then, using the fact that that T (t)/t satisfies the LDP, we see that for ǫ > 0, there exists a t(ǫ) such that t log E(e λd(X0,X T (t) ) ) < t log E(e λW T (t) ) + ǫ
Proceed similarly for the lower bound.
Example: computing the rate function when the timechange is an integrated CIR square root process
Theorem 3.2. If T (t) is the integral of a CIR square root process
is easily seen to be continuous and monotoncially increasing and F ′ (λ) → ±∞ as λ → ±∞, so we can actually compute F * (x) as the Legendre transform of F (λ), and F (x) is continuous. Note that F (λ) does not depend on the drift terms.
Proof. The closed-form expression for the characteristic function of T (t) is well known, and given in e.g. Carr,Geman,Madan&Yor [CGMY03] as
where γ = γ(u) = (κ 2 − 2σ 2 iu). Set u equal to −iλ/t 2 , so as to compute the logarithmic mgf of T (t). Then as t → 0+, the term to the left of the · in Eq 3.6 becomes negligible compared to the term to its right, and we obtain
t)/t
2 ) = lim
Thus {X T (t) } also satisfies the LDP with rate function Λ * (x), which is equal to the FL transform of F ( 1 2 λ 2 ).
Using geodesics to characterize the small-time behaviour of volatility derivatives
Consider a general uncorrelated stochastic volatility model
dW 1 dW 2 = 0. We can remove the S dependence with the transformation x(S) = dζ σ(ζ) . Then the metric associated with inverse of the diffusion coefficient is
(see Appendix A). The family of geodesics emanating from (x 0 , y 0 ) has to satisfy the geodesic equation (Eq A. 3)
Moreover, because the metric is independent of x, the x-component of momentum is conserved 2 ,
for some constant K. We can use Eqs 3.9 and 3.11 to compute the geodesics, and hence the shortest distance d(x 0 , y 0 ; x, y) between (x 0 , y 0 ) and (x, y). Lewis has computed d(x, y) for the special case when u(y) = y p (see Appendix C), implicitly in terms of Gauss's Hypergeometric function. This nests the SABR and CEV-Heston models, and is consistent with results obtained for the SABR model in Hagan et al. [HKLW02] , and the Heston model in Durrleman [Dur05] . For the Heston model with u(y) = √ y, the geodesics are cycloids, which have a double angle parametrization (see Avellaneda [Avellaneda05] ). Furthermore, it can be shown that 2 (x, y), where d(k, y) is the shortest distance from (0, y) to the plane {x = k}, which satisfies the non-linear eikonal equation
This means we can re-write Eq 3.2 with more geometrical insight as
where
Remark 3.2. Theorem 3.2 could be applied to approximate the prices of Digital options on T (t) of small maturity (i.e.a Digital variance option) under the Heston model.
Numerical results
Above and below we have plotted the logarithmic mgf F (λ), the rate function F * (x) for T (t)/t, and the rate function
, for a general diffusion with an independent CIR subordinator, with the Bakshi,Cao&Chen [BCC97] parameters S 0 = 1, σ = .39, v 0 = .04 (remember the κ and θ terms are irrelevant for these short-maturity asymptotics). The logarithmic mgf is always convex (see Lemma 2.3.9 in Dembo&Zeitouni [DemZei93] ). Note that F (x) has a minimum value of zero at x = E( T (t) t ) = .04, and the last plot is independent of β. Theorem 3.5. (The contraction principle). Let P ǫ be a sequence of measures on a complete, seperable metric space X satisfying the large deviation principle with a rate function I(.). Let π be a continuous mapping from X to Y . Then Q ǫ = P ǫ π −1 also satisfies the large deviation principle with rate function J(y) defined by J(y) = inf
x : π(x)=y I(y) (B. -2) (if y is not in the range of π, then J(y) = ∞).
Definition 3.2. A sequence of probability measures {P n } on S is said to be exponentially tight if, for each a > 0, there exists a compact set K a ⊂ S such that lim sup n→∞ 1 n P n (K 
